First, we prove a number of results about interval-valued fuzzy groups involving the notions of interval-valued fuzzy cosets and interval-valued fuzzy normal subgroups which are analogs of important results from group theory. Also, we introduce analogs of some group-theoretic concepts such as characteristic subgroup, normalizer and abelian groups.
Introduction
The concept of a fuzzy set was introduced by Zadeh [9] , and in 1965, he [10] introduced the notion of intervalvalued fuzzy set as a generalization of fuzzy sets. After that time, Mondal and Samanta [8] , and choi et al. [3] applied it to topology. Also, several researchers [1, 2, [4] [5] [6] [7] applied one to algebra.
The present paper is a sequel to [4] . We obtain a number of further analogs of the properties of groups, thereby enriching the theory of interval-valued fuzzy groups and, in particular, corroborating the concept of interval-valued fuzzy normal subgroups and interval-valued fuzzy cosets introduced in [4, 5] . Moreover, we obtain an analog of the 접수일자 : 2012년 5월 23일
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게재확정일자 : 2012년 10월 16일 † 교신저자 following standard result from group theory that if θ is an automorphism of a group G which leaves invariant some normal subgroup N , then θ induces an automorphism of the quotient group G/N . Some variations of this result are also considered, for which we obtain analogs for interval-valued fuzzy groups.
Also we show that there is a natural one-to-one correspondence between the interval-valued fuzzy cosets of an interval-valued fuzzy subgroup A of a group G and the cosets of a subgroup G A of G defined by G A = {g ∈ G :
A(g) = A(e)}, where e denotes, as usual, the identity element of the group G. Our analysis illustrates that the subgroup G A defined above plays a significant role in investigating the structure of the corresponding interval-valued fuzzy subgroup.
Preliminaries
In this section, we list some basic concepts and well- , and a=[a, a] for every a ∈ (0, 1). We also note that
For every M ∈ D(I), the complement of M , denoted by
(See [8] ).
Definition 2.1 [8, 10] .
for each x ∈ X is denoted by [a, b] and if a = b, then the IVS [a, b] is denoted by simply a. In particular, 0 and 1 denote the interval -valued fuzzy empty set and the interval -valued fuzzy whole set in X, respectively.
We will denote the set of all IVSs in X as
(ii) A = B iff A ⊂ B and B ⊂ A.
and
It can be easily seen that 
3. Interval-valued fuzzy subgroups Definition 3.1 [1, 6] . Let G be a group with the identity e and let A ∈ D(I)
We will denote the set of all IVGs of G as IVG(G). and
Then α∈Γ A α ∈ IVG(G).
Definition 3.2 [6] . Let G be a group with the identity e and let A ∈ IVG(G). Then A is called an interval -
We will denote the set of all IVNGs of G as IVNG(G).
Definition 3.3. Let A be an IVG of a group G and let θ : G → G be a mapping. We define a mapping
For a group G, a subgroup K is called a characteristic subgroup if θ(K) = K for every automorphism θ of G. We now define an analog.
Proposition 3.5. Let G be a group, let A ∈ D(I) G and let
Similarly, we have that
On the other hand,
Interval-Valued Fuzzy Cosets
Hence A θ ∈ IVG(G).
Then clearly it is standard result that θ is an automorphism of G, called the
Hence A ∈ IVNG(G). This completes the proof.
Remark 3.6. Proposition 3.5(b) is an analog of the result that a characteristic subgroup of a group is normal.
Now we obtain analogs of the concepts of conjugacy, normalizer regarding a group, and their properties.
Definition 3.7. Let G be a group and let A 1 , A 2 ∈ IVG(G). Then we say that A 1 is conjugate to A 2 if there
It is easy to show that the relation of conjugacy is an equivalence relation on IVG(G). Hence IVG(G) is a union of pairwise disjoint classes of interval-valued fuzzy subgroups each consisting of interval-valued fuzzy subgroups which are equivalent to one another. Now we shall obtain an expression giving the number of distinct conjugates of an interval-valued fuzzy subgroups.
Notation. Let G be a group, let A ∈ IVG(G) and let g ∈ G.
We define a mapping
From Proposition 3.5(a), it is clear that A g ∈ IVG(G). (c) If G is a finite group, then the number of distinct conjugates of A is equal to the index of N (A) in G.
Hence A ∈ IVNG(G).
(c) Consider the decomposition of G as a union of cosets of N (A),
where k is the number of distinct cosets, i.e., the index of
Thus A xix = A xi for each x ∈ N (A) and 1 ≤ i ≤ k. So any two elements of G which lie in the same coset x i N (A)
give rise to the same conjugate A xi of A. Now we show that two distinct cosets give two distinct conjugates of A.
Assume that A xi = A xj , where i = j and 1 ≤ i ≤ k, Definition 3.11 [4] .
Let A be an IVG of a group G and let x ∈ G. We define two map- Proof. Let k ∈ K and let g ∈ G. Then Ak(g) = Ae(g).
This completes the proof.
Corollary 3.12 [6, Proposition 5.4]. Let G be a group. If
Proof. Let g ∈ G and let x ∈ G A . Then for any x, y ∈ G.
Result 3.D [4, Theorem 2.12]. Let A ∈ IVG(G). Then

A ∈ IVNG(G) if and only if
Analogous to some well-known properties of abelian group, we prove. It is a standard result in group theory that if G is a group,
in K. Now we derive an analog for interval-valued fuzzy subgroups. 
Proof. It is clear that G A is a subgroup of G by Result
3.B. By Proposition 3.16, A ∩ B ∈ IVG(G). Thus
Since B ∈ IVNG(G), B(xy) = B(yx). So
Hence A ∩ B ∈ IVNG(G A ). 
Interval-valued fuzzy cosets
(b) A(xyx −1 ) = A(y) for any x, y ∈ G.
(c) A ∈ IVNG(G).
(e) xAx −1 = A for each x ∈ G. It is a well-known result in group theory that subgroup of index 2 is a normal subgroup. We now obtain an analog of a generalization of this result. 
where Core(G A ) denotes the intersection of all the con-
By the fundamental theorem of homomorphisms of groups and using Lagrange's theorem, the order of G/Core(G A ) divides p! which is the order of
and the order of G/G A is p. Thus it follows that the or-
wise we get a contradiction to the fact that p is the smallest prime dividing the order of G. Since Core(G A ) is a normal subgroup of G, G A is a normal subgroup of G.
Now consider the quotient group G/H. Since the order
The following is the immediate result of Proposition 4.3.
Corollary 4.3. Let A be an IVG of a group G such that the index of A is 2, then A ∈ IVNG(G).
It is well-known in group theory that θ is a homomorphism of a group G into itself whose kernel is N , then θ induces a homomorphism from G/N into itself. Now we derive an analog of the following result. 
Proof. Suppose x, y ∈ G such that Ax = Ay. Then
Ax(x) = Ay(x) and Ax(y) = Ay(y). Thus A(e) = A(xy
Similarly, we have that Proof. Since G has finite order, it is easy to see that θ has finite order. Suppose that θ has order k.
where id G denotes the identity mapping. Let x, y ∈ G such thatθ(Ax) =θ(Ay). Then, by the definition ofθ,
Aθ(x) = Aθ(y).
Soθ is injective. Henceθ is an automorphism. Proof. Let x, y ∈ G such that θ(x) = θ(y). Then
Aθ(x) = Aθ(y), i.e.,θ(Ax) =θ(Ay). Sinceθ is injective, Ax = Ay. Then Ax(y) = Ay(y). Thus A(yx −1 ) = A(e).
So yx
So θ is injective. Hence θ is an automorphism.
The motivation of the following result stems from the standard theorem in group theory that if θ is an automorphism of G and N is a normal subgroup of G such that Proof. Let x, y ∈ G such that Ax = Ay. We show that θ(Ax) =θ(Ay), i.e., Aθ(x)(g) = Aθ(y)(g) for each
Since θ is an automorphism of G, there exists a g * ∈ G such that θ(g * ) = g. Since Ax = Ay,
A(θ(g * x −1 )) = A(θ(g * y −1 )). Since θ is an automorphism of G, A(θ(g * )θ(x −1 )) = A(θ(g * )θ(y −1 )). Thus A(gθ(x −1 )) = A(gθ(y −1 )), i.e., Aθ(x)(g) = Aθ(y)(g).
Soθ(Ax) =θ(Ay). Henceθ is well-defined. The proof of the fact thatθ is a homomorphism is analogous to the corresponding part of the proof of Proposition 4.4, and thus we omit the details. Now suppose Ax ∈ Kerθ for each x ∈ G. Thenθ(Ax) = Aθ(x) = Ae. Let g ∈ G. Then Aθ(x)(θ(g)) = Aeθ(g), i.e., A(θ(g)θ(x −1 )) = Aθ(g).
Thus Aθ(gx −1 ) = Aθ(g), i.e., A θ (gx −1 ) = A θ (g). Since 
